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Abstract. In this paper, we consider a biharmonic equation under the Navier boundary condition and with a 
nearly critical exponent (Pe): A^u = u^^^ , u > m Q, and u — Au — on dfl, where 57 is a smooth bounded 
domain in R''', e > 0. We study the asymptotic behavior of solutions of (P^) which arc minimizing for the Sobolev 
quotient as e goes to zero. We show that such solutions concentrate around a point xo £ Q as e ^ 0, moreover 
xo is a critical point of the Robin's function. Conversely, we show that for any nondegenerate critical point xo of 
the Robin's function, there exist solutions of (Pe) concentrating around a;o as e — > 0. 
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1 Introduction and Results 

Let us consider the following biharmonic equation under the Navier boundary condition 



where is a smooth bounded domain in M", n > 5, e is a small positive parameter, and p+1 = 
2n/{n - 4) is the critical Sobolev exponent of the embedding H'^{i}) n -ffo(^) 

It is known that {Qe) is related to the limiting problem (Qo) (when e = 0) which exhibits 
a lack of compactness and gives rise to solutions of (Qe) which blow up as e ^ 0. The interest 
of the limiting problem (Qo) grew from its resemblance to some geometric equations involving 
Paneitz operator and which has widely been studied in these last years (for details one can see 
[4], [6], [10], [12], [13], [14], [16] and references therein). 

Several authors have studied the existence and behavior of blowing up solutions for the 
corresponding second order elliptic problem (see, for example, [1], [18], [3], [9], [21], [22], [24], 
[25], [26] and references therein). In sharp contrast to this, very little is known for fourth order 
elliptic equations. In this paper we are mainly interested in the asymptotic behavior and the 
existence of solutions of (Qe) which blow up around one point, and the location of this blow up 
point as e — > 0. 




i^u = vP ^, u > 
An = u = 



in 17 
on 
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The existence of solutions of (Qe) for all e E {0,p — 1) is well known for any domain Q (see, 
for example [17]). For e = 0, the situation is more complex, Van Der Vorst showed in [28] that 
if n is starshaped (Qo) has no solution whereas Ebobisse and Ould Ahmedou proved in [15] 
that (Qo) has a solution provided that some homology group of Q is nontrivial. This topological 
condition is sufficient, but not necessary, as examples of contractible domains fl on which a 
solution exists show [19]. 

In view of this qualitative change in the situation when e = 0, it is interesting to study the 
asymptotic behavior of the subcritical solution Ug of (Qe) as e — *■ 0. Chou-Geng [11], and Geng 
[20] made a first study, when Q is strictly convex. The convexity assumption was needed in 
their proof in order to apply the method of moving planes (MMP for short) in proving a priori 
estimate near the boundary. Notice that in the Laplacian case (see [21]), the MMP has been 
used to show that blow up points are away from the boundary of the domain. The process is 
standard if domains are convex. For nonconvex regions, the MMP still works in the Laplacian 
case through the applications of Kelvin transformations [21]. For (Qg), the MMP also works for 
convex domains [11]. However, for nonconvex domains, a Kelvin transformation does not work 
for (Qg) because the Navier boundary condition is not invariant under the Kelvin transformation 
of biharmonic operator. In [5], Ben Aycd and El Mchdi removed the convexity assumption of 
Chou and Geng for higher dimensions, that is n > 6. The aim of this paper is to prove that 
the results of [5] are true in dimension 5. In order to state precisely our results, we need to 
introduce some notations. 

We consider the following problem 



A^tt = u^-^, u> in 
Au = u = on dQ, 



where is a smooth bounded domain in and £ is a small positive parameter. 
Let us define on U the following Robin's function 

(p{x) = H{x,x), with H{x,y) = \x — yl"^ — G{x,y), for {x,y)E^xQ, 

where G is the Green's function of A^, that is, 

\ AG{x,.) = G{x,.)=0 on dn, 

where dx denotes the Dirac mass at x and c = 3a;5, with is the area of the unit sphere of M^. 
For A > and a G R^ let 

\l/2 

It is well known (see [23]) that 6a,\ are the only solutions of 

A'^u = u^, tt > in 

and are also the only minimizers of the Sobolev inequality on the whole space, that is 

S = mi{\Au\l2(^^5)\u\ll^^,y s.t. Au eL^,ue L^^, u ^ 0}. (1.2) 
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We denote by P6a,x the projection of 6a,\ on ^($7) := H'^{Q,) n Hq{Q,), defined by 
A'^PSa,x = A^Sa,x in n and APSa,x = PSa,x = on dn. 



Let 



9a,X = Sa,X - PSa,X, (1-3) 
1/2 



\u\ 



( [ \Au\A , {u,v) = [ AuAv, u,v e H^{n)nH^{n) (1.4) 

\\u\\q = \u\Li(n)- (1.5) 
Thus wc have the fohowing result: 
Theorem 1.1 Let {ug) be a solution of {P^), and assume that 

{H) \\Ue\\^\\Ue\\iQ_^ S as £ ^ 0, 

where S is the best Sobolev constant in defined by (1.2). Then (up to a subsequence) there 
exist G Jl, > 0, > and such that can be written as 

Ue = OCeP5a,,X, + Ve 

with Qe 1, \\v^\\ 0, o-e G ft and Ae(i(ae,5$7) +oo as e ^ 0. 
In addition, converges to a critical point xq G ^^ of if and we have 

\ime\\us\\loo^n^ = {cicl/c2)(p{xo), 

where r^ - r^^ C rn - r^^ C l2S(i±N!)(iH£l!)^r and Cn - HO^^VS 

Our next result provides a kind of converse to Theorem 1.1. 

Theorem 1.2 Assume that xq £ Q is a nondegenerate critical point of ip. Then there exists an 
£o > such that for each e G (0, £o], [Pe) has a solution of the form 

Ue = OiePSa„Xe + 

with — > 1, llwell — ^ 0, — ^ xq and X^dia^, d^) — ^ +oo as £ — ^ 0. 

Our strategy to prove the above results is the same as in higher dimensions. However, as 
usual in elliptic equations involving critical Sobolev exponent, we need more refined estimates 
of the asymptotic profiles of solutions when £ ^ to treat the lower dimensional case. Such 
refined estimates, which are of self interest, are highly nontrivial and use in a crucial way careful 
expansions of the Euler-Lagrange functional associated to {Ps), and its gradient near a small 
neighborhood of highly concentrated functions. To perform such expansions we make use of the 
techniques developed by Bahri [2] and Rey [24] , [27] in the framework of the Theory of critical 
points at infinity. 

The outline of the paper is the following: in Section 2 we perform some crucial estimates 
needed in our proofs and Section 3 is devoted to the proof of our results. 
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2 Some Crucial Estimates 



In this section, we prove some crucial estimates which will play an important role in proving 
our results. We first recall some results. 

Proposition 2.1 [8] Let a G and A > such that Xd{a,dQ) is large enough. For 0(a,\) = 
<^(a,A) ~ PS(a,\) J '"^6 have the following estimates 

(a) < 6'(„^A) < '^(a,A)> {b) 0{a,\) = coX^H{a, .) + /(„^a)> 
where /(a,A) satisfies 

1 \ 1 5/(a,A) 



where d is the distance d{a,dQ), 

(C) \0ia,X)\L^O=O{{Xd)-'/^), 



AV2d3 ; ' X da 



o 



W'd^)'' 



^(a,A) 



0{{\d) 



-l/2\ 



89 



X- 



(a,A) 



dX 



O 



1 



(Ad) 1/2 



1 50(a,A) 



A da 



O 



(Ad)3/2 



Proposition 2.2 [5] Let be a solution of {P^) which satisfies {H). Then, there exist G O, 
> 0, Ag > and such that 



with tte — > 1, Xed{as,dCl) — ^ oo, Cq ^||tt£||^/A£ — ^ 1, \\u, 
Furthermore, G E^^g^^ ^e) which is the set of v E H(p,) such that 



1 "''"'d \ \Ve 



0. 



{Vo) {v, P,5„,,A.) = {v, dPda^,xJdX,) = 0, {v,, dPSa^xJda) = 0. 

Lemma 2.3 [5] Af = 1 + o(l) as e ^oes to zero implies that 



Proposition 2.4 [5] Let (us) be a solution of (Pg) which satisfies {H). Then occurring in 
Proposition 2.2 satisfies 

Ikll <C(e + (A,4)-'), (2.1) 
where C is a positive constant independent of e. 

Now, we are going to state and prove the crucial estimates needed in the proof of our 
theorems. 

Lemma 2.5 For e small, we have the following estimates 



I '-J 

Jn \ 



dP5e 
da 



ci dH 



II) 



1 dP5, 



2A2 da 



{ae,ae) + O 



pj9-£ 

^ Xp da 



IQ Ae 

where ci is the constant defined in Theorem LI 



ci dH^ , r^f 1 
^^(a„a,) + 0^^^ + 



(A.4)V ' 
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Proof. Notice that 



Thus, we have, for 1 < A; < 5 



n\Be 



5f = O 



(2.2) 



1 oe. 



Jq ^ Xe dak Jn ^Kdak Jo."^ >^edak 



'1^ 
K dak 



+ 



MY 



(2.3) 



where B^ = B^a^^d^). Expanding 89 ^1 dak around and using Proposition 2.1, we obtain 



1 dOs Co dH(ae,ae) 



Xf da, 



■e oak 2X 



3/2 da 



(2.4) 



Estimating the integral on the right-hand side in (2.4) and using (2.3), we easily derive claim i) 
To prove claim m), we write 



P5\ 



9-e 



1 dP5r 



Af- dai 



Xe dak 



5': 



9-e 



1 de. 



" Xe dak 



+ 



{9-e){8-e) 





1 dOe 




Xe dak 



(2.5) 



and we have to estimate each term on the right hand-side of (2.5). 
Using Proposition 2.1 and Lemma 2.3, we have 



[ ^J-^e,^<c| 1^,11^ / 6l 
Jn J 



o 



1 d6e 



We also have 



Xe dak 
dSe 



1 dOe 



Xe dak 



Mr J ' 



61 = 



{Kdef 



[ 6!-^^^ = [ 

Jn K dak Jn\B, 



Xe dak 



[Kdef 



Expanding 6e around and using Proposition 2.1 and Lemma 2.3, we obtain 



dak 2A; 

J Br 



1 £ 
+ 



{Xedef {XedeY 



In the same way, we find 
Jn 



Xe dak 

1 dOe _ ci dH{ae,a. 
As dak ~ 2A'+'/' 



(A.4)V ■ 



+ 



1 £ 
+ 



(Xede^ {Xedef 



(2.6) 

(2.7) 

(2.8) 

(2.9) 
(2.10) 

(2.11) 
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Combining (2.5)-(2.11), we obtain claim ii). □ 

To improve the estimates of the integrals involving v^, we use an idea of Rey [27], namely 
we write 

Vs = UVe + We, 

where Hv^ denotes the projection of onto n Hq{Bi;), that is 

A'^nve = A'^Ve in Bel AUv^ = Uve = on dB^, (2.12) 

where B^ = B{aejde). We spht Wv^ in an even part n-yf and an odd part Xlv° with respect to 
{x — ae)k-, thus we have 

Ve = Uv^ + Uv° + We in Be with A'^We = OmBe. (2.13) 

Notice that it is difficult to improve the estimate (2.1) of the t^^-part of solutions. However, it 
is sufficient to improve the integrals involving the odd part of Ve with respect to (x — ae)k, for 
1 < A; < 5 and to know the exact contribution of the integrals containing the tUg-part of Ve- Let 
us start by the terms involving We- 

Lemma 2.6 For e small, we have that 



x8 I x-e 1 \ ^ £:\\Vs\\ 



Proof. Let ip be the solution of 



AV = 5f ( 5^-^77^ ) T^l^ in Be-, Ai^ = i^ = on dBe- 



Thus we have 

(2.14) 



/, := / A'^^We = [ ^AWe + / 

Jb, JdBe Jdl 



IdBe 9u 

Let Ge be the Green's function for the biharmonic operator on Be with the Navier boundary 
conditions, that is, 

A^Geix, .) = c6^ in Be-, AGe{x, .) = G{x, .) = on OBe, (2.15) 
where c = Sw^ . Therefore ip is given by 

^{y) = J^ Ge{x,y)sf i^s; 

and its normal derivative by 



-6 



1 \ I 85, 

, y^Be 
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Notice that: 



for X e Bs\ B{y, 4/2), we have -^{x, y) = O [ ] ; 



for X & B^Ci B{y, 4/2), we have 



du 



du 



< 



\x-y\^' 



dAG 
du 
dAG, 



'ix,y) = 0(^] (2.17) 



for xeB^nB{y, 4/2), we have 5° ^5'^ - 

for xeB^\B{y, 4/2), we have 6f ^5'^ - 
Therefore 



1 \ I d6. 



du 



O 



< 



\x-y\' 



(2.18) 



1 A 



■ lo.a: A. 4 



O {d^^e\og{l + X^lx - ae\'^) 



dtp 



In the same way, we have 



dAi; 



du 



(y) 



o 



o 



Using (2.14), (2.19), (2.20), we obtain 

le = 



To estimate the right-hand side of (2.21), we introduce the following function 

iI}{X) = dl''^We{ae + deX), v{X) = d}J'^Ve{ae + deX) for X G B(0, 1). 

w satisfies 

A^w = in B := 5(0, 1); Aw = Av, w = v on dB. 



1/2 



Ci / \Av, 



We deduce that 

/ \Aw\ + / \Aw\ <C ( [ \Av 

JdB JdB \Jb 

But, we have 

/ |A^1+/ \Aw\ = (j-Y' [ \Aw,\ + (l-Y' [ 

JdB JdB \"£/ JdBe \"£/ Jd 

Using (2.21), (2.22) and (2.23), the lemma follows. 
Lemma 2.7 For e small, we have 

A, 5aJ''^^-^V(Ae4)3/V' 



1/2 



dB. 



i) / A 

IB, 



II) 



(5f-"nw>£ = o 



\Ve\\\\liv'i\ 



(2.19) 



(2.20) 



(2.21) 



(2.22) 

(2.23) 
□ 
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Proof. Using (2.13), we obtain 

1 dU5e 



I A. 



= / ——AWe, With Ipk = T 5 ■ 

dBe Of Xe dak 



Using an integral representation for i/j^ as in (2.16), we obtain for y G dB^, 
where is the Green's function defined in (2.15). Clearly, we have 



cqA^^ 

(1 + A2d2)V2 10 



-{\x-ae\ -d^), 



with Cs{as,ds) = AS^^g^^. Thus we deduce that 



d 



1 86, 



Ae dak 

In \ B{ae, d^/2), we argue as in (2.19) and (2.18), we obtain 

1 



dv 



Xe dak 



Furthermore, since 



V^(a:,y) 



O ( ^ ) for (x, y) G B{a„ 4/2) x dB,, 



we obtain 



8 1 



lB{ae,ds/2) oi/ ^Xedak 

where we have used the evenness of 5, and the oddness of its derivative. Thus 



c 



6^ \x — ttpl = O 



1 



■£ JB{a^,de/2) 



X^dl 



du 



Using (2.24) and (2.27), we obtain 



A 



1 dm, \ . ^ c 

Awp < 



XV'dl JdB, 



IB, yXe dak 

Arguing as in (2.23), claim i) follows. To prove claim ii), let i/j be such that 
A^ip = S^-^Uv" in B,; Aip = = on dB,. 
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We have 

r^n.X=/ [ ^A... (2.28) 

As before, we prove that, for y G dB^ 



9^ \\l'^dl) \\J dt 



Therefore 



c||t;e||||nt;°| 



The proof of the lemma is completed. □ 



Lemma 2.8 For e small, we have 

i) [ r^-ey 

J Be 



d5e ^^/ ||n<|| ^ \\Ve\ 



II) 



Xeda^ V ^ede {Xede)^!'^ 



Proof. Claim i) can be proved in the same way as Lemma 2.6, so we omit its proof. Claim 
ii) follows from Proposition 2.1 and claim i). □ 

Let us now compute the contribution of the following integral which involves v^. 



Lemma 2.9 Form e small, we have 



JBe 



Proof. Using (2.13) and the fact that the even part of v'^ has no contribution to the integrals, 
we obtain 



Let be the solution of 

A^^r = — -^(2t;£ -u;^) in B^- A* = * = on dB^. 
Xe oak 

Thus, as in the proof of Lemma 2.6, we obtain for y G dB^ 
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and therefore 



Thus our lemma follows. □ 

Next we are going to estimate the integrals involving the odd part of with respect to 
{x — as)k, for 1 < A; < 5. 

Lemma 2.10 Fore small, we have 

ul-^mt = 9^^ <5f (n<)2 + o(||n<||2) + o {\\ilvI\\ {e^'^ + ^ 



)3/2 



Proof. We have 



J J J B^ 

= al-' f P<5^-^< + (9-£)a^^ / P5l-%,Ilvl + 0{\\v,f\\Jlv°\\). (2.29) 

Wc estimate the two integrals on the right-hand side in (2.29). First, using Proposition 2.1 and 
the Holder inequality, we have 

P6l-%.Ti4 = I st^v.nvt + o (MM) 



where we have used in the last equality the evenness of S^: and Hv^ and the oddness of Hi;". 
By Lemmas 2.3 and 2.7 we obtain 

Secondly, we write 

/ P5l-'iivi= I 6!-'iiv",-i9-e) [ <5f-%n< + of/ <5j-%2|n^oA 

JBe JBe JBe \J Be J 

Thus, using the evenness of b^, the oddness of 11?;° and Holder inequality, we obtain 

Using (2.29), (2.30), (2.31) and Propositions 2.2 and 2.4, we easily derive our lemma. □ 
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Lemma 2.11 For e small, we have 



Proof. We write 



dm, 

dX 



+1: 



r=l 



1 dU6e 



(2.32) 



with 



(riv^, — ^) = for each r G {1, 2, 3, 4, 5}. 



3A ' 

Taking the scalar product in H"^ D H^{Bs) of (2.32) with U6e, XedU6e/dX, X-^dU6e/dar, 1 < 
r < 5, provides us with the following invertible linear system in a, /3, 7^ (with 1 < r < 5) 



r (m„ n<) = a{c' + 0(1)) + mse, Xe^) + ELi 7r(n4, 



(A,^,n<) = «(n4,A,^) + /3(C" + o(l)) + ELi7r(A/"^^ 1 



Observe that 



O 



1 



'^"^'^^ — ^ — ' 

Af aa^ 



1 



Xgds J dX Ag Sttr 

1 dU6, 1 dnSr. 



{- 



iC" + oil))dkr + O 



1 



{XedeY ) ' Ag 9aA; ' Ae ' 

where 6^^- denotes the Kronecker symbol. 

Now, because of the evenness of 5, and the oddness of Jlv° with respect to {x — as)k we obtain 



(n4,no= / An4.An<= / (5fn< = o. 



(2.33) 



In the same way we have 



(Ae^,n<) = (l^,n<) = for each r k. 

Apr Odr 



dX 



We also have 



(1^ n.") 

^A, da, 



A 



1 dU6, 
Xe dak 
1 dU5e 



Xe oak 



.A (i;^ - n< - We) 

1 dm. 



Xe dak 



.AWe, 



(2.34) 



where we have used in the last equality the fact that Hv^ is even with respect to {x — ae)k- 
Using (2.25) and Holder inequality, we obtain 



lA 



1 dUSe 
Xe dak 



.AVe < c\\Ve 



i^In\Be 



A 1 96e 

A' 



Xe dak 



1/2 



o 



{Xedef/^ 



(2.35) 
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(2.35) and Lemma 2.7 imply that 

Inverting the linear system (S), we deduce from the above estimates 

a = (^^] ,P = (^^] , 7fe = O (^^] ■ Ir = O {^^\ ,r^k. 

V(A,4)V \{^ede)-^J Wedey^J V(^e4)V 

(2.37) 

This implies through (2.32) 

We now turn to the last step, which consists in estimating ||ri?;°||. Since is a solution of {Pe), 
we have 

[ A\eUv°= [ u^~'Uv°. (2.39) 
Because of the evenness of 6^ and the oddness of 11?;° with respect to (a:; — as)k, (2.39) becomes 

II Uv^ ||2= f u^-'Uv^. (2.40) 

JBe 

By (2.38), (2.40) and Lemma 2.10, we obtain 

II Uvl IP -9 1^ 5f (n<)2 + oiWUvoW') = o(^s' + . (2.41) 

Using now (2.41) and the fact that the quadratic form 

v<-^ I \Avf - 9 / 5fi;2 

JBe JBe 

is positive definite (see [4]) on the subset Span {ll5^, 1 < A; < 5^ 



H'^nH^iBe)' 



we ob- 



tain 

Our lemma follows from (2.38) and (2.42). □ 

Before ending this section, let us prove the following estimate which will be needed later. 
Lemma 2.12 Fore small, we have 

^aAaa,'^^^-^V(W/^^ 
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Proof. We have 

7I_ -I- * y I 



7n \d\dak) " Jb, \dXdakJ 



For the first integral on the right-hand side in (2.43), we have 

where we have used in the last equality Lemma 2.11. 
Now let -04 be the solution of 

AV4 = AM^^^j in Be, AV'4 = V'4 = on dB^. 

Thus, as in the proof of Lemma 2.6, we obtain for y G dB^ 



and therefore 

From (2.43), (2.44), (2.45) and Proposition 2.4, we easily deduce our lemma. □ 

3 Proof of Theorems 

Let us start by proving the following crucial result: 

Proposition 3.1 For = a^P^a^ solution of (P^) with = 1 + o(l) as e goes to zero, 

we have the following estimates 

(a) C2e + 0{e^) - c,^^^^ + o = 0, 



A2 da V(Ae4)V V (Ae4)2 (A,4)V2 

where c\, ci are the constants defined in Theorem 1.1, and where C3 > 0. 
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Proof. Since claim (a) was proved in [5], we only need to prove claim (b). Multiplying the 



equation (P^) by j-^^^ and integrating on O, we obtain for 1 < A; < 5 



/ 

Jn 

Jn 



0= / AV-^ 
Iq ^ \e dak 

dP5e 



,9-e 



1 dP5e 
\e dak 



+ 



v£ dak 
(9-£)(8-e 



a L 



arP5, 



]_dP5^ 
Xs dak 



+ o(lklP) 



(3.1) 



We estimate each term on the right-hand side in (3.1). First, by Proposition 2.1 and the Holder 
inequality, we have 



Ae dak Jn 



(3.2) 



Secondly, we compute 
1 dPSr 

Pd--v, 

In 



^ ^ \e dak Jn 



1 dP5, 



'^Ae dak 



e 



Jn 



1 9(5, 



" A, (?o,fc 



/ 

Jn 



in 
J_d9^ 

Ae dak 



1 

Ae Safe 



+ 



+ 



{8-e) f 5l- 
Jn 



1 db. 



^ ^Xedak 



Ae Safe 

By Proposition 2.1 and the Holder inequality, we obtain 



Jn 



5l-'0^M = O 



{\edef 



In 

1 de. 



O 



j_de^ 

Xe dak 

\Ve\\ 



o 



(A.4)= 



We also have by Proposition 2.2 



/ 

Jn 



Xe dak 



6. 



n 



' xT, 



= 5' 6, 



' xT. 



l_d6e_ 

Xs dak 
Xe dak 



(3.3) 

(3.4) 
(3.5) 



Using (2.13), Lemma 2.3 and the Holder inequality, we derive that 



' Xil'^jXedak 



We + 0[e\\Ylvl\\ + 



O 



£\\Ve 



{Xedef^ 



+ £||n<|| + 



{Xedef'V ' 



(3.6) 
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where we have used Lemma 2.6 in the last equahty. 

Using (3.2)-(3.6), Lemmas 2.5, 2.8, 2.9, Proposition 2.2 and the fact that = 1 + ©(elog A^), 

we easily derive our result. □ 

We are now able to prove Theorem 1.1. 

Proof of Theorem 1.1 Let (ug) be a solution of (Pg) which satisfies (H). Then, using 

Proposition 2.2, = agrPSa^^x^ + with ^ 1, A^ ^ 1, A£d(a£,5Jl) — >■ oo, satisfies (Vq) 
and ll^^ell 0. Now, using claim (a) of Proposition 3.1, we derive that 

Therefore, it follows from claim (b) of Proposition 3.1 and Lemma 2.11 that 

dH{a.,a.) _J1\ ^3^^ 



da \de. 

Using (3.8) and the fact that for a near the boundary ^{a^,as) ~ cd(ae, 5$!)^^, wc derive that 

is away from the boundary and it converges to a critical point xq of 
Finally, using (3.7), we obtain 



eXe — — ^{xq) as £ — ^ 0. 



By Proposition 2.2, we have 



ll^gllloo ~ CgAg as £ — > 0. (3-9) 

This concludes the proof of Theorem 1.1. □ 

The sequel of this section is devoted to the proof of Theorem 1.2. 
Proof of Theorem 1.2 Let xq be a nondcgcncratc critical point of ip. It is easy to see that 
d(a, dO.) > do > for a near xq. We will take a function u = oiP5(^a,X) + ^ where (a — ao) is very 
small, A is large enough, \\v\\ is very small, a is close to xq and ao = S~^^^ and we will prove 
that we can choose the variables (a, \,a,v) so that u is a critical point of Je with \\u\ \ = 1. Here 
Je denotes the functional corresponding to problem (P^) defined by 



..W^(/ja„|^)(Xm-) 



-2/(10-£) 



Let 



Me = {{a,X,a,v) € x x x H{^)/\a - ao\ < uq, da > do, A > i/q \ 

£logA < uq, \\v\\ < vq and v G -E(„^a)}> 

where uq and do are two suitable positive constants and where da = d{a,dil). 
Let us define the functional 



K,:M,^ R, K,{a, a, A, v) = J,{aP6^a,X) + v)- 
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It is known that (a, A, a, v) is a critical point of if and only if it = aPS(^a,X) + v is a critical 
point of Je on E. So this fact allows us to look for critical points of by successive optimizations 
with respect to the different parameters on M^. 
First, we know that (see [5]) the following problem 

min{Js{aP6(^a,\) satisfying (Vq) and H^;!! < vq} 

is achieved by a unique function v which satisfies the estimate of Proposition 2.4. This implies 
that there exist A, B and Cj's such that 



dv 



AP6^a,X) + B§^P\a,X) + E ^^^^^(a,A), (3-10) 

1=1 ' 



where ai is the i*^ component of a. 
According to [5], we have that 



A = o[e\og\ + \P\+'^, B = 0{\e + 1), Cj = o{^^ + ^ 
To find critical points of K^, we have to solve the following system 



da 



{El 



'''' =B{m,v) + EUC,{^,v), for each J = 1,..., 5. 



da 



Observe that for = -P5(a,A)) ^^-f <^(a,A)/^^) ^-f ^(a,A) /^'^i with i = 1, 5 and for u = aP(5(„ , 
we have 

(VJ,(u),^) =2J,H (^a{P5^a,x),^)-Jeiuf-'/^ Jjuf-'ui?j . 
We also have (see [5]) 

MaPd^a,x) +v) = S + o(^s\ogX + jy (3.11) 



da 

and 



= {VJe{aP6 + v),Pd) = 2J^{u) (^aS^/^ (l - a^S^) +0 (^elogX + j 



Je{u) (aci^^^ (1 - 2a' S') + c^S'a^e + O (^e' log A + + ^)) ' 
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Following the proof of claim (b) of Proposition 3.1, we obtain, for each 
j = 1, ...,5, 



_c^ dHia,a) _ 8 5 / £logA J_ 



On the other hand, one can easily verify that 



9A2 



O ( ^ ) , (^^) 



daidaj 



Now, we take the following change of variables: 



(3.12) 



a = ao + P, a = xo + ^, = .1 — 



A2 V I ^/H{xo,Xo] 



Then, using estimates (3.12), Lemma 2.12, Proposition 2.4 and the fact that xq is a nondegen- 
erate critical point of (p, the system (£^1) becomes 

'(3 =0(e|loge| + |/3|2) 
(^2) Ip =0(e|log£| + |/3|2 + |e|2 + p2) 
A =0{\P\^ + \e + e'/'). 

Thus Brower's fixed point theorem shows that the system (£^2) has a solution (PcPsAe) for e 
small enough such that 

Pe = 0{s\\oge\), p, = 0{s\\oge\), ^, = 0{s^/^). 

By construction, the corresponding is a critical point of Jg that is = Je{us)^^'~^/'^^^^^~^^Us 
satisfies 



'We in ri, We = Awe = on do, 



(3.13) 



with |w;~|iio(Q) very small, where w~ = max(0, —We)- 

As in Proposition 4.1 of [7], we prove that = 0. Thus, since is a non-negative function 
which satisfies (3.13), the strong maximum principle ensures that > on $7 and then We is a 
solution of (Pe), which blows up at xq as e goes to zero. This ends the proof of Theorem 1.2. □ 
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